Abstract. In this paper, we characterize all possible h-vectors of 2-dimensional Buchsbaum simplicial complexes.
Introduction
Given a class C of simplicial complexes, to characterize the face vectors of simplicial complexes in C is one of central problems in combinatorics. In this paper, we study face vectors of 2-dimensional Buchsbaum simplicial complexes.
We recall the basics of simplicial complexes. A simplicial complex ∆ on [n] = {1, 2, . . . , n} is a collection of subsets of [n] satisfying that (i) {i} ∈ ∆ for all i ∈ [n] and (ii) if F ∈ ∆ and G ⊂ F then G ∈ ∆. An element F of ∆ is called a face of ∆ and maximal faces of ∆ under inclusion are called facets of ∆. A simplicial complex is said to be pure if all its facets have the same cardinality. Let f k (∆) be the number of faces F ∈ ∆ with |F | = k + 1, where |F | is the cardinality of F . The dimension of ∆ is dim ∆ = max{k : f k (∆) = 0}. The vector f (∆) = (f −1 (∆), f 0 (∆), . . . , f d−1 (∆)) is called the f -vector (or face vector ) of ∆, where d = dim ∆+1 and where f −1 (∆) = 1. When we study face vectors of simplicial complexes, it is sometimes convenient to consider h-vectors. Recall that the h-vector h(∆) = (h 0 (∆), h 1 (∆), . . . , h d (∆)) of ∆ is defined by the relation
Thus knowing f (∆) is equivalent to knowing h(∆). LetH i (∆; K) be the reduced homology groups of ∆ over a field K. The numbers β i (∆) = dim KHi (∆; K) are called the Betti numbers of ∆ (over K). The link of ∆ with respect to F ∈ ∆ is the simplicial complex lk ∆ (F ) = {G ⊂ [n] \ F : G ∪ F ∈ ∆}.
In the study of face vectors of simplicial complexes, one of important classes of simplicial complexes are Cohen-Macaulay complexes, which come from commutative algebra theory. A (d − 1)-dimensional simplicial complex ∆ is said to be CohenMacaulay if for every face F ∈ ∆ (including the empty face), β i (lk ∆ [St, Theorem 6] has played an important role in face vector theory.
There is another interesting class of simplicial complexes arising from commutative algebra, called Buchsbaum complexes. A simplicial complex ∆ is said to be Buchsbaum if it is pure and lk ∆ (v) is Cohen-Macaulay for every vertex v of ∆. Thus the class of Buchsbaum complexes contains the class of Cohen-Macaulay complexes. Buchsbaum complexes are important since all triangulations of topological manifolds are Buchsbaum, while most of them are not Cohen-Macaulay. Several nice necessity conditions on h-vectors of Buchsbaum complexes are known (e.g., [Sc, NS] ), and these necessity conditions have been applied to study face vectors of triangulations of manifolds (e.g., [N, NS, Sw] ). On the other hand, the characterization of h-vectors of (d − 1)-dimensional Buchsbaum complexes is a mysterious open problem. About this problem, the first non-trivial case is d = 3 since every 1-dimensional simplicial complexes (without isolated vertices) are Buchsbaum. In 1995, Terai [T] proposed a conjecture on the characterization of h-vectors of Buchsbaum complexes of a special type including all 2-dimensional connected Buchsbaum complexes, and proved the necessity of the conjecture. The main result of this paper is to prove the sufficiency of Terai's conjecture for 2-dimensional Buchsbaum complexes. As a consequence of this result, we obtain the following characterizations of h-vectors.
4 is the h-vector of a 2-dimensional connected Buchsbaum complex if and only if the following conditions hold:
Buchsbaum complex if and only if there exist a vector
satisfying the conditions in Theorem 1.2 and an integer
Note that one can always take k = ⌊ 1 6
(2h 1 + 3 − √ 8h 1 + 8h 2 + 9)⌋ = max{a :
}, where ⌊r⌋ is the integer part of a real number r. Indeed, if 
again satisfies the conditions in Theorem 1.2. This paper is organized as follows: In section 2, some techniques for constructions of Buchsbaum complexes will be introduced. In section 3, we construct a Buchsbaum complex with the desired h-vector. In section 4, we prove Theorem 1.3 and study h-vectors of 2-dimensional Buchsbaum complexes with fixed Betti numbers.
Terai's Conjecture
We recall Terai's Conjecture [T, Conjecture 2 .3] on h-vectors of Buchsbaum complexes of a special type. We say that a vector (1, h 1 [T] proved the 'only if' part of the above conjecture. Thus the problem is to construct a Buchsbaum complex ∆ such that β k (∆) = 0 for k ≤ d − 3 and h(∆) = h. Actually, if h d ≥ 0 then any vector h ∈ Z 4 satisfying (a) and (b) is an M-vector, so there exists a Cohen-Macaulay complex ∆ with h(∆) = h by Stanley's theorem. Thus it is enough to consider the case when h d < 0.
From this viewpoint, Terai [T] and Hanano [H] constructed a class of 2-dimensional Buchsbaum complexes ∆ with h 3 (∆) = − 1 3 h 2 (∆). Also, by using Hanano's result, Terai and Yoshida [TY1] proved the conjecture in the special case when d = 3 and
. In this paper, we prove Conjecture 2.1 when d = 3, which is equivalent to Theorem 1.2. Since we only need to consider the case when h 3 < 0, what we must prove is the following statement.
Proposition 2.2. Let h 1 , h 2 and w be positive integers such that 3w
In the rest of this section, we introduce techniques to prove the above statement. We first note the exact relations between f -vectors and h-vectors when d = 3.
Proof. The statement follows from the next computation.
The second equation follows from
, and, for the third equation, we use the Buchsbaum property together with the well-known equation
Definition 2.4. We say that a Buchsbaum complex ∆ on [n] is link-acyclic if ∆ satisfies one of the conditions in Lemma 2.3.
Every 1-dimensional simplicial complex is identified with a simple graph, and, in this special case, the Cohen-Macaulay property is equivalent to the connectedness. Thus a 2-dimensional pure simplicial complex is Buchsbaum if and only if its every vertex link is a connected graph. Moreover, a 2-dimensional Buchsbaum complex is link-acyclic if and only if its every vertex link is a tree. From this simple observation, it is easy to prove the following statements.
Proof. (i) Without loss of generality we may assume j = t.
For a collection C of subsets of [n], we write C for the simplicial complex generated by the elements in C. When C = {F }, we simply write C = F . Lemma 2.6. Let ∆ be a 2-dimensional Buchsbaum complex and
Proof of Proposition 2.2
In this section, we prove Proposition 2.2. Let h = (1, h 1 , h 2 , −w) ∈ Z 4 be the vector satisfying w > 0 and 3w
. Let x be the smallest integer k such that 3w ≤ k+1 2 and y = min{h 2 , x+1 2 }. We write h = (1, x, y, −w) + (0, γ, δ, 0).
Then the vector (1, x, y, −w) again satisfies the conditions in Proposition 2.2 (that is, 3w
. The next lemma shows that, to prove Proposition 2.2, it is enough to consider the vector (1, x, y, −w).
Proof. We may assume that ∆ is a simplicial complex on [x+3] such that {1, 2} ∈ ∆. For j = 0, 1, . . . , γ, let
Then E is the set of 1-dimensional non-faces of ∆ γ . Also,
follows from Lemma 2.6(ii) that Γ δ is a connected Buchsbaum complex with h(Γ δ ) = (1, x + γ, y + δ, −w) = h.
Let n = x + 3 and M = max{k : 3k ≤ x+1 2 }. Write n = 3p + q where p ∈ Z and q ∈ {0, ±1}. Then
Let b, c and α be non-negative integers satisfying
and α ∈ {0, 1, 2} (α is the remainder of y/3). Since
by the choice of x, the following conditions hold:
• n ≥ 5 and p ≥ 2;
and w is positive. Also,
We will construct a Buchsbaum complex ∆ on [n] with h(∆) = (1, x, y, −w). The construction depends on the remainder of n/3, and will be given in subsections 3.1, 3.2 and 3.3. We explain the procedure of the construction. First, we construct a connected Buchsbaum complex Γ with the h-vector (1, n − 3, 3(M − b), −(M − b)). Second, we construct a Buchsbaum complex ∆ with the h-vector (1, n − 3, 3(M − b), −(M − b) + c) by adding certain 2-dimensional simplexes to Γ and by applying Lemma 2.6(i). Finally, we construct a Buchsbaum complex with the desired h-vector by using Lemma 2.6(ii).
Remarks and Notations of subsections 3.1, 3.2 and 3.3. For an integer i ∈ Z we write i for the integer in [n] such that i ≡ i mod n. The constructions given in subsections 3.1, 3.2 and 3.3 are different, however, the proofs are similar. Thus we write details of proofs in subsection 3.1 and sketch proofs in subsections 3.2 and 3.3.
3.1. Construction when n = 3p − 1. Let Σ = {i, 1 + i, 2 + i} : i = 1, 2, . . . , n and for i = 1, 2, . . . , n and j = 1, 2, . . . , p − 2, let
Then it is easy to see that
have no common facets.
•∆ = {{i, 1 + i, 2 + i + 3j} : i = 1, 2, . . . , n and j = 0, 1, . . . , p − 2} .
Example 3.2. Consider the case when n = 8. Then p = 3 and Σ = {1, 2, 3}, {2, 3, 4}, {3, 4, 5}, {4, 5, 6}, {5, 6, 7}, {6, 7, 8}, {7, 8, 1}, {8, 1, 2} .
Also, ∆(1, 1) = ∆(5, 1) = {1, 2, 6}, {5, 6, 2} , ∆(2, 1) = ∆(6, 1) = {2, 3, 7}, {6, 7, 3} , ∆(3, 1) = ∆(7, 1) = {3, 4, 8}, {7, 8, 4} , ∆(4, 1) = ∆(8, 1) = {4, 5, 1}, {8, 1, 5} .
Lemma 3.3. (i) (Hanano)∆ is Buchsbaum, link-acyclic and h(∆)
) is Buchsbaum and link-acyclic.
Proof. The simplicial complex Σ is Buchsbaum since its every vertex link is connected. Also, for any ∆(i, j) ∈ L, one can easily see that every vertex link of Σ ∪ ∆(i, j) is connected. Then the Buchsbaum property of (i) and (ii) follows from Lemma 2.5(i).
To prove the link-acyclic property of (i) and (ii), what we must prove is that∆ is link-acyclic by Lemma 2.5(ii). It is enough to prove h(∆) = (1, n − 3, 3M, −M), equivalently f (∆) = (1, n, n 2 , 2M + n − 2). This fact was shown in [H] . Thus we sketch the proof. It is clear that f 2 (∆) = n(p − 1) = 2M + n − 2. On the other hand,
Recall that what we want to do is to construct a connected Buchsbaum complex with the h-vector (1, n − 3, 3(M − b) + α, −(M − b) + c), where α ∈ {0, 1, 2} and
For j = 1, 2, . . . , p − 2, let Proof. The connectedness is obvious. By Lemma 3.3, Γ is Buchsbaum and linkacyclic. In particular, since f 2 (Γ) = f 2 (∆) − 2b, the equation f 2 = h 0 + h 1 + h 2 + h 3 and the link-acyclic property imply
Then, to complete the proof, by Lemma 2.6(i) it is enough to prove that Lemma 3.5.
(
Proof. First, we claim that {1, 3 + 3b}, {2, 2 + 3b}, {2, 3 + 3b} ∈ ∆. By Lemma 3.3, both Γ and Γ ∪ ∆(1, b) are Buchsbaum and link-acyclic.
contains three edges which are not in Γ. Actually, ∆(1, b) has 5 edges {1, 2}, {2 + 3b, 3 + 3b}, {1, 3 + 3b}, {2, 2 + 3b}, {2, 3 + 3b}.
Since the first two edges are contained in Σ, the latter three edges are not contained in Γ. Since
Thus the set of edges in Γ and that of ∆ are same. Hence {1, 3 + 3b}, {2, 2 + 3b}, {2, 3 + 3b} ∈ ∆ as desired. Then (i) holds since {1, 2 + 3b} ∈ ∆(n, b) ⊂ ∆, {2 + 3b, 3 + 3b} ∈ Σ ⊂ ∆ and {1, 3 + 3b} ∈ ∆, and (ii) holds since {1, 2} ∈ Σ ⊂ ∆, {1, 3 + 3b} ∈ G b and {2, 3 + 3b} ∈ ∆ ∪ G b .
Example 3.6. Again, consider the case when n = 8 as in Example 3.2. In this case, M = 5. We construct a 2-dimensional Buchsbaum complex with the h-vector and, for i = 1, 2, . . . , n and j = 1, 2, . . . , p − 1, let
Note that ∆ = Σ ∪ {i, i + p, i + j + p} : i = 1, 2, . . . , n and j = 1, 2, . . . , p − 1 .
The next lemma can be proved in the same way as in Lemma 3.3.
Lemma 3.7.
(i) (Hanano)∆ is Buchsbaum, link-acyclic and h(∆)
For j = 1, 2, . . . , p − 2, let
Note that G j ∈∆. Define
The proof of the above lemma is the same as that of Lemma 3.4. (To prove that ∆ k−1 ∩ G b+k is generated by three edges, use
Let ∆ = ∆ c . Then the next lemma and Lemma 2.6(ii) guarantee the existence of a 2-dimensional connected Buchsbaum complex with the h-vector (1, x, y, −w)
Proof. By using Lemmas 3.7 and 3.8, one can prove f 1 (Γ ∪ ∆(1, b)) = f 1 (Γ) + 3 in the same way as in the proof of Lemma 3.5. The complex ∆(1, b) has 5 edges
Since the first two edges are contained in Σ ⊂ Γ, the latter three edges are not contained in Γ. Since h i (Γ) = h i (∆) for i ≤ 2, the set of edges in Γ and that of ∆ are same. Hence these three edges are not in ∆.
3.3. Construction when n = 3p + 1. Let Σ = {i − (p − 1), i, i + (p + 1)} : i = 1, 2, . . . , n . For i = 1, 2, . . . , n and j = 1, 2, . . . , p − 2, let
and for i = 1, 2, . . . , p let
. . , n and j = 1, 2, . . . , p − 1 .
Proof. The simplicial complex Σ is Buchsbaum since its every vertex link is connected. Also, for any ∆(i, j) ∈ L, a routine computation shows that every vertex link of Σ ∪ ∆(i, j) is connected. Then the Buchsbaum property of (i) and (ii) follows from Lemma 2.5(i).
To prove the link-acyclic property, it is enough to prove that∆ is link-acyclic by Lemma 2.5(ii). We will show h(∆) = (1, n − 3, 3M, −M), equivalently f (∆) = (1, n, n 2 − 1, 2M + n − 2). It is easy to see that f 2 (∆) = n(p − 1) + 2p = 2M + n − 2. We will show f 1 (∆) = n 2 − 1. We claim that∆ contains every {i, j} ⊂ [n] except for {p, n}. For any {i, j} ⊂ [n], there exists a 1 ≤ k ≤ 2p − 1 such that j = i + k or i = j + k. We may assume j = i + k. If k = p then we have either {i, j} ∈ Σ or {i, j} ∈ ∆(i ′ , j ′ ) for some i ′ , j ′ with j ′ = ∞ by (1). On the other hand, for every 1 ≤ i ≤ n − 1, we have {i, i + p} ∈ ∆(i ′ , ∞) for some i ′ . Thus∆ contains every {i, j} ⊂ [n] such that {i, j} = {p, n}. Finally, since Σ and any ∆(i, j) ∈ L with j = ∞ contain no elements of the form {i, i + p} and since {p, n} = {n, n + p} ∈ ∆(i ′ , ∞) for i ′ = 1, 2, . . . , p, we have {p, n} ∈∆ as desired.
for k = 0, 1, . . . , c, where ∆ 0 = Γ. . Since the set of edges in ∆ and that of Γ =∆ are same and since {p, n} ∈∆, it follows that ∆ ∩ {1, p, n} = {1, p}, {1, n} . By Lemma 2.6(ii), ∆ ∪ {1, p, n} satisfies the desired conditions.
Case 2 : Suppose b > 0. Then the next lemma and Lemma 2.6(ii) guarantee the existence of a Buchsbaum complex with the desired properties.
Lemma 3.12.
Since the first two edges are contained in Σ ⊂ Γ, the latter three edges are not contained in Γ. Since the set of edges in Γ and that of ∆ are same, these three edges are not in ∆.
Then (i) holds since {1 − b, 2 + p} ∈ ∆(2 + p, b) ⊂ ∆, {1, 2 + p} ∈ Σ ⊂ ∆ and {1 − b, 1} ∈ ∆, and (ii) holds since
Proof of Theorem 1.3 and open problems
To prove Theorem 1.3, we need the following easy fact: If ∆ is the disjoint union of 2-dimensional simplicial complexes Γ and Γ ′ then
Proof of Theorem 1.3. We first prove the 'only if' part. If the vectors (1, h 1 , h 2 , h 3 ) and (1, h
3 ) satisfies the same conditions. Let ∆ be a 2-dimensional Buchsbaum complex with the connected components ∆ 1 , . . . , ∆ k+1 . Since each ∆ j is a 2-dimensional connected Buchsbaum complex,
satisfies the desired conditions. Next, we prove the 'if' part. Suppose that
satisfies the conditions of Theorem 1.2. Then there exists a 2-dimensional Buchsbaum complex ∆ with h(∆) = h ′ . Let Γ be the disjoint union of ∆ and k copies of 2-dimensional simplexes. Then Γ is Buchsbaum and h(Γ) = h ′ + (0, 3k, −3k, k) since the h-vector of a 2-dimensional simplex is (1, 0, 0, 0).
It will be interesting to study a generalization of Theorems 1.2 and 1.3 for higher dimensional Buchsbaum complexes. On the other hand, since properties of Buchsbaum complexes heavily depend on their Betti numbers, it might be more natural to study h-vectors of Buchsbaum complexes for fixed Betti numbers. The strongest known relation between h-vectors and Betti numbers of Buchsbaum complexes is the result of Novik and Swartz [NS, Theorems 3.5 and 4.3] . In the special case when ∆ is a 2-dimensional connected Buchsbaum complex, the result of Novik and Swartz says
• (1, h 1 (∆), h 2 (∆)) is an M-vector;
• h 2 (∆) ≥ 3β 1 (∆) and h 3 (∆) + β 1 (∆) ≤ (h 2 (∆) − 3β 1 (∆)) 2 .
Note that h 3 (∆) + β 1 (∆) = β 2 (∆) in this case. It was asked in [NS, Problem 7.10 The conditions of Betti numbers and an h-vector in Proposition 4.1 satisfy (2). However, the vector h = (1, 3, 6, 3) satisfies the assumption of the result of Terai and Yoshida h 0 + h 1 + h 2 + h 3 = 13 ≥ 6 3 − 3 × 3 + 2, and therefore any 2-dimensional connected Buchsbaum complex ∆ with h(∆) = h must satisfy β 1 (∆) = 0. It seems likely that, to characterize h-vectors of Buchsbaum complexes for fixed Betti numbers, we need further restrictions on h-vectors and Betti numbers. Here, we propose the following problem. 
